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Abstract—In this paper we propose a novel fuzzy relational selforganizing map algorithm (FRSOM) that can be used to map a
set of n objects described by pair-wise dissimilarity values to a
two dimensional lattice structure. FRSOM generates a fuzzy
membership matrix replacing the crisp best-matching unit
matrix in the regular relational SOM (RSOM). We found that
FRSOM discovers hard to find substructures in the data that
present a challenge to the crisp relational SOM. Furthermore, we
observed a triple relationship that seems to exist among the
number of data points in the training data, map size and the
fuzzifier m. We compare FRSOM and RSOM using several
synthetic datasets.
Keywords: Fuzzy relational self-organizing maps; self organizing
maps; relational data; clustering; fuzzy sets

I.

INTRODUCTION

clustering techniques have been proposed in
NUMEROUS
the literature to handle relational data. Relational data
describe the relations (dissimilarity or similarity) between
objects, rather than characterizing the objects themselves. In
[1], Hathaway and Bezdek developed Non-Euclidean
Relational Fuzzy c-Means (NERFCM) to cluster a set of n
objects described by pair-wise dissimilarity values. Another
fuzzy relational clustering algorithm, any relational clustering
algorithm (ARCA), based on fuzzy c-means is proposed in [2].
Essentially, ARCA treats relational data as object data and
employs a fuzzy c-means to obtain the clusters. Consequently,
ARCA does not impose any restrictions on the relational data
matrix and it is reportedly less prone to the dimensionality
curse than NERFCM. In addition to relational clustering, data
visualization techniques, such as Self-Organizing Map (SOM),
were also adapted to relational data.
SOM [3] is an unsupervised learning technique aimed at
data exploration and visualization. SOM projects an sdimensional input space into a low dimensional, usually two
dimensional, lattice or grid of neurons. Several crisp relational
SOM algorithms were developed [4, 5]. In [4], the authors
described each neuron by a codebook that represents a subset
of input vectors. Essentially, the input data is clustered in c
clusters, where c is the number of SOM neurons. The
codebooks (clusters) are updated using a cost function that
resembles the c-means objective function and accounts for both
the relational data and the neighborhood topology. In [5], the
authors extended Neural Gas (NG) and SOM to relational data
given by pair-wise dissimilarity values using the relational dual

of fuzzy c-means clustering derived in [1, 6]. Both RSOMs
proposed in [4, 5] are based on a batch update approach. Our
fuzzy extension to RSOM presented in this paper is based on
the approach presented in [5].
A fuzzy SOM algorithm for object data was proposed in
[7], which is in some sense a regularization of the fuzzy cmeans (FCM) algorithm. The fuzzy SOM in [7] is based on a
cost function that is derived by introducing two modifications
to the generalized FCM [8-9]. First, the code vectors are
distributed on a regular low dimensional grid as in SOM and a
penalty term is added to guarantee a smooth distribution of the
codebook vector values on the grid and help preserve the
topological structure of the data. A fuzzy SOM based on fuzzy
inputs and fuzzy weights for market segmentation of credit
cards is proposed in [10]. FCM is applied for fuzzy clustering
to identify the ambiguous sampled data located near the border
between the clusters. In [11], a fuzzy SOM was developed by
replacing the neurons of the original SOM with fuzzy rules,
which are composed of fuzzy sets. The output of the each rule
is a singleton, thus the algorithm maps the s-dimensional input
space to a one dimensional output space. In [12], a hybrid SOM
is proposed for overlapping clusters to predict clusters of high
dimensional data and to detect the uncertainty that comes from
the overlapping data. This approach is based on rough set
theory to generate soft clustering. In [13], the same authors
proposed a variation to [12] in which a two-level stage SARough SOM (Simulated Annealing Rough Self-Organizing
Map) was proposed.
The algorithm proposed in this paper, FRSOM, is a
combination of the relational SOM developed in [5] and
NERFCM presented in [1]. In [5] the original SOM was
reformulated to resemble, to some extent, the c-means
clustering algorithm. The main SOM features, i.e. the updating
of the winning neuron neighborhood and its “push” toward the
input vector were preserved. However, similar to c-means,
SOM will use a crisp best-matching unit (BMU) matrix that we
will refer to as “the membership matrix”, u.
The remainder of this article is structured accordingly:
Section II describes the FRSOM algorithm. Section III
investigates some of the properties of the proposed method and
Section IV gives some conclusions and ideas for future
research.

II.

(BSOM1) Objects 𝑂 = {𝑜1 , … , 𝑜𝑛 } are presented to the map
all at the same time.

METHODS

A. Crisp and fuzzy memberhip matrices
For a set of n objects {ok}k[1,
membership in c clusters as:

n]

we define the crisp

𝑢𝑖𝑘 ∈ 0,1 for 1 ≤ 𝑖 ≤ 𝑐 and 1 ≤ 𝑘 ≤ 𝑛
𝑐

(1)
(2)

𝑢𝑖𝑘 = 1,

∀𝑘

𝑖=1

where uik is the membership of object ok in cluster i. In the crisp
SOM case, i represents an individual neuron and c is the total
number of neurons in the lattice. The use of crisp memberships
forces object k to either be assigned (uik = 1) or not (uik = 0) to
neuron i.
By preserving the constraint in (2), we can relax the
constraint from (1)
𝑢𝑖𝑘 ∈ [0, 1] for 1 ≤ 𝑖 ≤ 𝑐 and 1 ≤ 𝑘 ≤ 𝑛

B. Object and relational data
In clustering, one can encounter two main types of datasets:
object and the relational. The object data, O, can be described
as:
𝑂 = 𝑜1 , … , 𝑜𝑛 ⊂ 𝑅 ,

(4)

where each feature vector ok is s-tuple of real numbers. The
other format of numerical data is an 𝑛 × 𝑛 relational data
matrix D = [Dij], where Dij is a measure of the relationship
between oi and oj. The relationship can be either a similarity or
dissimilarity relation. The dissimilarity relation, D, satisfies the
following conditions:
𝐷𝑗𝑗 = 0, ∀ 𝑗 = 1, … , 𝑛
𝐷𝑗𝑘 > 0, for 𝑘 = 1, … 𝑛 and 𝑗 = 1, … , 𝑛
𝐷𝑗𝑘 = 𝐷𝑘𝑗 , for 𝑘 = 1, … 𝑛 and 𝑗 = 1, … , 𝑛

(BSOM3) Distances between the objects, O, and the weight
vectors, w, are computed. The neuron with the minimum
distance to object ok is assigned as the wining neuron and it is
denoted with 𝐼 ∗ (𝑜𝑘 ).
𝐼 ∗ 𝑜𝑘 = arg min 𝑤𝑖 − 𝑜𝑘

(5)
(6)
(7)

(8)

𝑖

. is the distance measure which is usually the Euclidean
distance. The assignment of the winning neuron is constraint
with (1) and (2), where the degree of membership between wi
and ok is given by

(3)

to describe a set of fuzzy c-partitions for the n objects, where
uik represents the degree to which object ok belongs to cluster or
neuron i. FRSOM uses the fuzzy partition matrix u described in
(3).

𝑠

(BSOM2) Initialize the weight vectors, w. For instance, w can
be assigned randomly generated values, by selecting random
objects from the dataset, or by selecting the c objects that have
the furthest distance from each other.

𝑢𝑖𝑘 =

1 if 𝐼 ∗ 𝑜𝑘 = 𝑖
,
0 otherwise

(9)

which is similar to c-means membership assignment.
(BSOM4) After repeating the step (BSOM3) for all the input
dataset, all the weight vectors are updated using (10).

𝑤𝑖 𝑡 + 1 =

𝑛
𝑘=1 ℎ 𝑛
𝑛
𝑘=1 ℎ

𝐼 ∗ 𝑜𝑘 , 𝑖
𝑛

𝐼∗

∗ 𝑜𝑘

𝑜𝑘 , 𝑖

(10)

Where
−𝑡 denotes the training step.
−𝑛 𝐼 ∗ 𝑜𝑘 , 𝑖 is the distance of a path connecting the
winning neuron index, 𝐼 ∗ 𝑜𝑘 , and neuron i in the lattice
structure.
−ℎ 𝑛 𝐼 ∗ 𝑜𝑘 , 𝑖 is the neighborhood function around the
wining neuron 𝐼 ∗ 𝑜𝑘 , which is defined as:
ℎ 𝑛 𝐼 ∗ 𝑜𝑘 , 𝑖

=  𝑡 ∗ exp

−𝑛 𝐼 ∗ 𝑜𝑘 , 𝑖
2𝜎 2 (𝑡)

(10)

 𝑡 ∈ [0,1] is the learning rate and σ(t) is the
neighborhood radius, which decreases with time.

The FRSOM algorithm is a modification of the original
SOM presented in [3]. First, it is adapted to handle relational
data as proposed by [5]. And second, the crisp membership
matrix is substituted with the fuzzy membership matrix based
on the formulation of the NERFCM algorithm [1].
C. Batch self-organizing map algorithm (BSOM)
BSOM consists of 𝑐 × 𝑛 neurons located on a two
dimensional grid, where each neuron i is represented by an sdimensional weight vectors 𝒘 = 𝑤1 , … , 𝑤𝑐 , where s is the
number of dimensions of the input data. Unlike the online
version of SOM, in the batch version the whole dataset is
presented to the map before any updates to the weights take
place. The main steps of the BSOM algorithm are as follows:

(BSOM5) Repeat the steps (BSOM3) and (BSOM4) tmax
times.
D. Fuzzy relational self-organizing map algorithm (FRSOM)
In this section we will explain the FRSOM in details and
highlight the differences between BSOM and FRSOM. The
BSOM will be modified so that it can visualize relational data
and compute fuzzy membership assignments. More
specifically, FRSOM will differ in the (BSOM1) step where
the input is relational data, D, instead of the object data O. In
(BSOM3) step the Euclidean distance will substituted with the
distance given in (12) because in relational clustering we
assume that there exist points xk such that 𝐷𝑖𝑘 = 𝑥𝑖 − 𝑥𝑘 2 ,
where Dik is a measure of the dissimilarity between the points
xi and xk. In (BSOM4) step the fuzzy memberships will be

incorporated in (10) to update the new weight vectors. In
addition to those changes, fuzzy memberships will be
computed to replace the crisp memberships (9). The main
steps of the FRSOM algorithm are given below.
(FRSOM1) Relational input vectors 𝐷 = {𝐷1 , … , 𝐷𝑛 } are
presented to the map all at the same time, where 𝐷1 is the first
row of the relational data.
(FRSOM2) As in the BSOM, FRSOM starts by initializing
the codebook vectors, w. Initialization can be done by
randomly selecting random vectors from the relation D, or by
randomly generating codebook vectors. However, just as in
any other clustering algorithms, random initialization tends to
produce inconsistent results. One can mitigate this problem by
initializing the codebook vectors with data points that are
furthest from each other.
(FRSOM3) In addition to the codebook vectors, w, cluster
prototypes or cluster centers, α, are initialized where αi is a
normalized wi as:
𝑤𝑖
𝛼𝑖 = 𝑛
(11)
𝑘=1 𝑤𝑖𝑘
(FRSOM4) Distances between the relational vectors, D, and
the cluster prototypes, α, are computed. Since the data is given
in terms of pair-wise dissimilarity, the distance 𝑤𝑖 − 𝑥𝑘 2 is
computed by [1, 5]
𝑤𝑖 − 𝑥𝑘

2

(𝛼𝑖𝑡 ∙ 𝐷 ∙ 𝛼𝑖 )
,
2
for 1 ≤ 𝑖 ≤ 𝑐 and 1 ≤ 𝑘 ≤ 𝑛.

= 𝑑𝑖𝑘 = (𝐷 ∙ 𝛼𝑖 )𝑘 −

(12)

Interested readers are referred to [5] for a complete proof of
(12).
(FRSOM5) Calculate the degree of association, uik, between
wi and xk using the NERFCM approach [1], which is
1

𝑢𝑖𝑘 =
𝑐
𝑗 =1

2
𝑑𝑖𝑘 𝑚 −1

(13)

𝑑𝑗𝑘

for 1 ≤ 𝑖 ≤ 𝑐 and 1 ≤ 𝑘 ≤ 𝑛.
where m > 1 is the fuzzifier.
(FRSOM6) The neuron with the minimum distance to Dk (14)
or with the maximum membership to Dk (15) is assigned as the
wining neuron and it is denoted with 𝐼 ∗ (𝑥𝑘 ).
𝐼 ∗ 𝑥𝑘 = arg min 𝑑𝑖𝑘

(14)

𝐼 ∗ 𝑥𝑘 = arg max 𝑢𝑖𝑘

(15)

𝑖

𝑖

(FRSOM7) After repeating steps (FRSOM4) and (FRSOM5)
for every training data point and for every neuron, the new
weights are updated based on the membership, uik, as follows:
𝑤𝑖 𝑡 + 1 =

𝑛
∗
𝑘=1 ℎ 𝑛 𝐼 𝑥𝑘
𝑛
∗
𝑘=1 ℎ 𝑛 𝐼

,𝑖

𝑚
∗ (𝑢𝑖𝑘
∗ 𝐷𝑘 )

𝑥𝑘 , 𝑖

𝑚
∗ 𝑢𝑖𝑘

(16)

(FRSOM8) Update the cluster prototypes, α, using the newly
computed weight vectors
𝛼𝑖 (𝑡 + 1) =

𝑤𝑖 (𝑡 + 1)
𝑛
𝑘=1 𝑤𝑖𝑘 (𝑡 +

1)

(17)

(FRSOM9) Repeat the steps (FRSOM4) through (FRSOM8)
tmax times.
A summary of the FRSOM algorithm is given below
(Algorithm 1).
Algorithm 1: Fuzzy Relational SOM Algorithm (Batch)
►Data: 𝐷𝑗 , 𝑗 = 1, … , 𝑛 where 𝐷𝑗 is the j-th vector the relational

data.
►Initialization:

Set m > 1
𝑡 ←0
Initialize the codebook weight vectors:
𝑤 = 𝑤1 , … , 𝑤𝑐 ∈ 𝑅
Initialize the prototypes, σ, with (11)
►while t < tmax do

for k=1 to n do
Compute the distance, dik, between Dk and αi , ∀𝑖 with (12)
Find the winning neuron, 𝐼 ∗ 𝑥𝑘 , with (14) or (15)
Compute the membership, uik, between Dk and αi , ∀𝑖 with
(13)
endfor
Update the codebook weight vectors, w, with (16)
Update the prototypes vectors, σ, with (17)
𝑡 ←𝑡+1
endwhile

III.

EXPERIMENTAL RESULTS

In this section we present FRSOM results on two synthetic
datasets. First, we will demonstrate the performance of
FRSOM while varying the fuzzifier, m. This experiment helps
choose the value of m that will be used in subsequent
experiments. Second, we will discuss the relationship among
the number of training data points, map size and the fuzzifier
m. Third, we compare crisp vs. fuzzy relational SOM using a
non-overlapping and overlapping Gaussian clouds. The
FRSOM algorithm has been implemented based on the SOM
Toolbox for MATLAB [14].
A. FRSOM behavior for different fuzzifiers
Just as in any other fuzzy clustering algorithms, lower
values of m will produce crisp cluster memberships while
higher values of m will result in fuzzier membership values. In
this section we show, for several values of the fuzzifier
m={1.03, 1.5, 1.8, 2}, that FRSOM follows the same behavior.
In our experiments we used two synthetic Gaussian
datasets: 3 well separated Gaussians (denoted as WS3G, see
Tables I and Fig. 3.a) and 3 overlapping Gaussians (denoted as
O3G, see Table II and Fig. 3.b).

Also, FRSOM is initialized to codebook weight vectors, w,
using the 100 data points that are furthest from each other and
with a 10 x 10 hexagonal grid. The prototypes, α, for FRSOM
are initialized using (11).
Fig. 2 shows the FRSOM maps obtained for various values
of m on WS3G data. We see that the lower the m is the more
crisp the membership and the SOM maps are (Fig. 2.a and 2.b).
The reason for the high similarity between the maps of m =
1.03 and m = 1.5 could be due to the high clusterness of the
data. However, as the value of m increases the membership and
the SOM map start getting fuzzier (Fig. 2.c and 2.d). Although
Fig. 2.d is somewhat fuzzy, we can still see two blue patches
on the upper and lower left corner and another blue patch
spanning the right side of the map. The high fuzziness at m = 2
might be attributed to the SOM map size. For instance, maybe
it is more appropriate to choose a larger map size when m = 2.
However, the map can’t be larger than a certain fraction of the
number of data points. Thus, one has to find a balance among
the fuzzifier, map size and number of data points in the training
dataset. In our case, we found that the value m=1.1 produces
the most consistent results and we will use it for subsequent
experiments.
B. Relationship among map size, fuzzifier and number of data
points
In the crisp SOM one has to strike a balance between the
number of data points in the training data and the map size. The
number of neurons, c, must be at least smaller than the number
of data points, n. In FRSOM, another dimension to this
relationship is added, which is the fuzzifier, m. The map size is
likely to be a function of m and n.
𝑚𝑎𝑝𝑠𝑖𝑧𝑒 = 𝑓(𝑚, 𝑛)

(14)

To illustrate this relationship, observe Fig. 2.b and Fig. 1. In
Fig. 1.b the map size is 10  10 and m = 1.5 while in Fig. 2 the
map size is 20  20 and the m = 1.5. In this case, we see that as
the number of neurons approaches the number of data points
the SOM map becomes fuzzier. Intuitively, this behavior is

(a)

similar to a map stretching effect. However, we leave the
complex relationship between n, m and map size for further
research. For now, we will use a 10  10 map size in
subsequent experiments.

Figure 1. FRSOM on WS3G with grid size of 20x20 and m=1.5

C. Three Gaussian clouds
In this section we compare the crisp relational SOM [5] and
the fuzzy relational SOM proposed in this paper. We will show
that both algorithms have similar performance when the data
has high clusterness (WS3G). However, FRSOM performs
better when the data has low clusterness (O3G).
1) High clusterness data (WS3G data)
To illustrate the performance similarity between the crisp
and fuzzy relational SOM we used the well separated three
Gaussian clouds, WS3G. Table 1 outlines the properties of
each cloud in the WS3G data.
TABLE I. WELL SEPARATED THREE GAUSSIAN CLOUDS PROPERTIES, WS3G
No. of points
500
500
500

Mean, µ
(1,1)
(1,5)
(4,3)

(b)
(c)
Figure 2. RFSOM Behavior for different fuzzifiers, (a) m=1.03 (b) m=1.5 (c) m=1.8 (d) m=2

Std. dev., σ
0.1
0.1
0.1

(d)

(a)

(d)

(b)

(c)

(e)

(f)

Figure 3. Crisp vs. Fuzzy Relational SOM (a) well separated three Gaussian clouds, WS3G (b) performance of RSOM on WS3G data (c) performance of
FRSOM on WS3G data (d) overlapping three Gaussian clouds clouds, O3G (e) performance of RSOM on O3G data (f) performance of FRSOM on O3G
data

The FRSOM algorithms are trained on objects represented
by the relational data, D = [Dij]1500x1500, where D consists of the
squared Euclidean distance of the Gaussian clouds dataset. Fig.
3.b and Fig. 3.c show images of the trained crisp relational
SOM and fuzzy relational SOM, respectively. Both algorithms
are initialized to the same codebook weight vectors using the
100 data points that are furthest from each other and with a 10
 10 hexagonal grid. Additionally, the prototypes are initialized
using (11) and the fuzzifier for FRSOM is set to m=1.1. Both
algorithms are able to correctly show the groupings of the data
points. The other observation to make here is that FRSOM at
m=1.01 reduces to the crisp relational SOM.
2) Low clusterness data (O3G)
In this experiment we use the overlapping Gaussian data,
O3G. Table 2 outlines the properties of each cloud in the O3G
data.
TABLE II. OVERLAPPING THREE GAUSSIAN CLOUDS PROPERTIES, O3G
No. of points
500
500
500

Mean, µ
(1,1)
(1,5)
(4,3)

Std. dev., σ
1
1
1

Figure 3.e and Fig. 3.f show images obtained for crisp and
fuzzy relational SOM, respectively. It is clear the FRSOM was
able to capture the structure of the data more accurately than
the crisp relational SOM. This experiment suggests that
FRSOM can discover subtle substructures in relational data.
IV.

CONCLUSIONS

In this paper we presented a fuzzy relational SOM (FRSOM)
based on the crisp relational SOM found in [5] and the

NERFCM formulation [1]. We have studied the behavior of
SOM on two different synthetic datasets for different fuzzifier
values. We also suggested that there might be an interesting
relationship among the size of the data set, map size and the
fuzzifier m.
From the experiments in Section III, we can conclude the
following. First, when 𝑚 → 1 FRSOM reduces to the crisp
relational SOM, which shows that it is a specific type of
FRSOM. This observation was also pointed out in the NERCM
algorithm [1]. Second, the crisp and fuzzy relational SOM with
m= 1.1 performed similar when presented with dataset that is
well separated. However, when the dataset has overlapping
clusters, FRSOM outperformed its crisp version. We suggest
that the more subtle substructures in the data might be
visualized with FRSOM.
However, we still have challenging FRSOM problems
ahead of us to solve. One of these problems is determining the
map size as function of the number of the training data patterns
and the fuzzifier. Another area that needs attention in relational
clustering is the size of the relational data matrix. Relational
matrices, especially for real biomedical datasets, tend to be
large which rapidly increase the need for computational
resources. One way to address this issue is by applying
dimensionality reduction techniques such as kernel clustering
proposed in [15]. And lastly, we are planning on utilizing
FRSOM with real datasets encountered in our medical
informatics research.
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